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We study the level statistics of a generalized Sachdev-Ye-Kitaev (SYK) model with two-body
and one-body random interactions of finite range by exact diagonalization. Tuning the range of
the one-body term, while keeping the two-body interaction sufficiently long-ranged, does not alter
substantially the spectral correlations, which are still given by the random matrix prediction typical
of a quantum chaotic system. However a transition to an insulating state, characterized by Poisson
statistics, is observed by reducing the range of the two-body interaction. Close to the many-body
metal-insulator transition, we show that spectral correlations share all features previously found in
systems at the Anderson transition and in the proximity of the many-body localization transition.
Our results suggest the potential relevance of SYK models in the context of many-body localization
and also offer a starting point for the exploration of a gravity-dual of this phenomenon.
The claim [1, 2], based on analytical arguments but
with uncontrolled approximations, that Anderson local-
ization is stable to the presence of weak interactions has
given a new impetus to the problem of the interplay of
disorder and interactions [3–6]. A direct precursor of this
result was the prediction [5, 7] of a metal-insulator tran-
sition in the Fock space at finite coupling in disordered
strongly interacting quantum dots.
More recent research [8–12] has focused on the descrip-
tion of this new state of matter, where both interac-
tion and disorder are important, loosely referred to as
many-body localization [1, 2, 13]. Typical features of the
insulating region, for short range interactions, include
slow logarithmic growth of the entanglement entropy [11],
level statistics given by Poisson statistics [13, 14], zero dc
conductivity [1] and vanishing of the ac conductivity as
a power-law [12]. By contrast, the metallic region close
to the transition shares features with a Griffith phase
[10] where diffusion is very slow and the growth of the
entanglement entropy is power-law [9]. Consistent with
this anomalous sub-diffusion, level statistics, at least for
the small volume accessible to numerical calculations, are
close to that found in systems at the metal-insulator tran-
sition [15]. With important exceptions [14, 16–20], most
of these results are based on numerical calculations in
relatively small lattices which make it difficult to discern
which of these features will survive in the thermodynamic
limit.
For that reason, it would be interesting to have a sim-
ple toy model, with both interactions and disorder, which
could reproduce most of the desired features of many
body localization but still be more amenable to an ana-
lytical treatment. In principle this seems a hopeless task,
however in the context of high energy physics a simple
model for holography has been recently proposed, usu-
ally termed Sachdev-Ye-Kitaev model [21–26] which is
solvable, at least in some region of parameters, despite
being disordered and strongly coupled. In its simplest
form, proposed by Kitaev [21], it consists of N Majo-
rana fermions in zero spatial dimensions with infinite-
range interactions though similar models have been used
in nuclear physics, quantum chaos and condensed mat-
ter [25, 27–35] for a long time. In the strong coupling
limit, the SYK model is characterized by a finite entropy
at zero temperature, the specific heat linear in temper-
ature, the saturation of a recently proposed [36] bound
on chaos and a density of low energy excitation which
grows exponentially with energy [23, 37–39]. Moreover
level statistics are well described by random matrix the-
ory with deviations consistent with the existence of a
Thouless energy in the system [37–40] and the conduc-
tivity in higher dimensional generalizations of the model
[41–45] is finite. These are features expected of a field
theory with a gravity dual but also of a strongly coupled
disordered metal.
A natural question to ask is whether it is possible to
deform the SYK model so that it undergoes a metal-
insulator transition in Fock space. That would make
possible not only to study the rich phenomenology of
many-body localization in a simpler model but also to
explore the existence of a gravity dual. As was mentioned
previously [5, 7], interacting quantum dots can undergo
a metal insulator transition in sparse lattices like a Cay-
ley tree. Some recent papers [39, 42, 43, 46, 47] in the
holography literature have already explored the stabil-
ity of the metallic phase of the SYK model however the
employed models have interactions of infinite range, so
the transition is more of the chaotic-integrable type and
therefore not related to Anderson localization induced by
quantum coherence effects, or are defined in higher spa-
tial dimensions in which case the simplicity of the model
is lost.
Here we address this question by a numerical level
statistics analysis of a generalized SYK model with one-
body and two-body finite range interactions. By tuning
the range of the two-body interaction we have identi-
fied a metal-insulator transition in the spectrum. As was
expected, spectral correlations are well described by ran-
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2dom matrix theory and Poisson statistics in the metallic
and insulating regions respectively. Around the transi-
tion, we have found that level statistics are strikingly
similar to that of systems at the Anderson transition
[48–52] and in interacting disordered metals close to the
many-body localization transition. This is a strong in-
dication that this generalized SYK model could be em-
ployed as a toy model in studies of many-body localiza-
tion [1, 7, 8, 13, 52]. Next we introduce the model and
its main features.
THE MODEL
We study the following Hamiltonian 0 + 1 space-time
dimensions,
H =
N∑
1=i<j<k<l
J˜ijkl(D)χi χj χk χl + iκ
N∑
1=i<j
K˜ij(d)χi χj
(1)
where κ > 0, χi are N Majorana fermions defined
by {χi, χj} = δij , J˜ijkl(D) = 0 if max(i, j, k, l) −
min(i, j, k, l) = l− i ≥ D and J˜ijkl(D) = Jijkl otherwise.
We can define a fractional distance by gradually removing
the active bonds between two consecutive integer values
of D. An analogous definition applies to K˜ij(d): K˜ij = 0
if |i − j| ≥ d and K˜ij = Kij for |i − j| < d, so that for
d = 2, only Ki,i+1|N−1i=1 are nonzero. The couplings Jijkl
and Kij are real random variables with distributions
P (Jijkl) =
√
N3
12pi
exp
(
− N
3J2ijkl
12
)
, (2)
P (Kij) =
√
N
2pi
exp
(
− NK
2
ij
2
)
. (3)
We note that Eq.(1), as was mentioned previously,
is qualitatively similar to a toy model for the metal-
insulator transition in Fock space at finite N in quan-
tum dots [7]. The main differences, putting aside that
Ref.[7] studies Dirac rather than Majorana fermions, is
that the interaction in [7] is not of this type but rather
is constrained to a Cayley tree and the one-body term is
restricted to nearest neighbors.
As was mentioned previously, the SYK model with infi-
nite range interactions is strongly chaotic. It was recently
found [53] that chaoticity persists in the bulk of the spec-
trum for the values of κ investigated in the paper, in the
limit of infinite range interactions, so any transition in-
duced by reducing the range of the interaction will likely
be of the metal-insulator type. We study spectral cor-
relations which are known to be a powerful probe of the
presence and characterization of a broad type of disor-
dered and chaotic systems, from weakly disordered met-
als to Anderson insulators and critical chaotic systems
[48, 49, 51, 54, 55]. For comparison to the universal re-
sults of random matrix theory in the metallic region we
need to determine the global symmetries of our model. In
the SYK model without the one-body term, it is known
that depending on N [37, 56] the Clifford algebra can ad-
mit real, complex or quaternionic representations that la-
bel different universality classes. However the one-body
term in Eq. (1) breaks the time reversal invariance so
we expect that global symmetries belong in all cases to
the broken time reversal invariance universality class de-
scribed by the Gaussian Unitary Ensemble (GUE) [57].
LEVEL STATISTICS
We investigate spectral correlations in the spectrum of
Eq. (1) by using exact diagonalization techniques. For a
given set of parameters κ,N we have obtained at least
106 eigenvalues. We note that the mean level spacing is,
in general, energy dependent so for a meaningful com-
parison between different spectral intervals of the same
system, the unfolding of the spectrum is required so that
the mean level spacing is the same, unity for convenience,
across the spectrum.
We first compute the level spacing distribution P (s)
that probes the system dynamics for times of the order of
the Heisenberg time, the inverse of the mean level spacing
∆ in units of ~. It is defined as the probability P (s) to
find two consecutive eigenvalues Ei, Ei+1 at a distance
s = (Ei+1 − Ei)/∆.
For an insulator, we expect the Poisson statistics
PP(s) = e
−s while for a disordered metal or a quantum
chaotic system P (s) is given by the random matrix result
for the GUE, which is well approximated by the so called
Wigner–Dyson statistics [57, 58],
PGUE(s) ≈ PW(s) = 32
pi2
s2e−4s
2/pi. (4)
Results for P (s), depicted in the upper plot of Fig. 1,
clearly indicate that, for sufficiently large D, Eq. (4) is in
excellent agreement with the SYK model for κ = 1, even
if the one-body interaction is restricted to nearest neigh-
bors (main figure). Indeed results for an infinite range
one-body interaction (inset) are similar, which suggests
that level statistics are not very sensitive to the one-body
interaction in this range of parameters. However for D
sufficiently small we observe a transition to what it looks
an insulating state characterized by Poisson statistics.
In order to clarify whether a true transition takes place
we carry out a finite size scaling analysis [48]. For that
purpose, we employ the adjacent gap ratio [8, 13],
ri =
min(δi, δi+1)
max(δi, δi+1)
(5)
for an ordered spectrum Ei−1 < Ei < Ei+1 as the scal-
ing variable where δi = Ei − Ei−1. The average ad-
jacent gap ratio for a Poisson distribution is 〈r〉P =
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FIG. 1. Upper: Level spacing distribution P (s) for N = 30,
κ = 1, d = 2 and different cutoffs D. A tenth order polyno-
mial fitting has been employed to unfold the entire spectrum.
We observe a transition from the GUE prediction [58] to Pois-
son statistics PP(s) = e
−s as D decreases at Dc ≈ 5.6. Inset:
Qualitatively similar results are observed for d→∞. There-
fore reducing the range of the one-body random term does
not affect qualitatively level statistics. Lower: Average ad-
jacent gap ratio 〈r〉 as a function of D for different N ’s and
d = 2. [59] The observed crossing point is a signature of a
metal-insulator transition. Inset: Similar results are observed
for d =∞.
2 ln(2) − 1 ≈ 0.386. For the GUE it is 〈r〉GUE ≈ 0.5996
[60]. This quantity has the advantage over other scaling
variables, like the moments of P (s), that no unfolding of
the spectrum is necessary. This reduces the probability
of systematic errors. The crossing point, where the ad-
jacent gap ratio becomes almost N independent, occurs
at D = Dc ≈ 5.6 in the lower plot of Fig. 1, which is a
clear indication of the existence of a metal-insulator tran-
sition. We note that due to the relatively small range of
N ’s that we can investigate numerically, the value of Dc
will, in view of our results, likely shift to a higher value
in the large N limit.
Having established the existence of the metal-insulator
transition, we now characterize it by the study of both
short-range and long-range spectral correlations at D ∼
Dc. We aim to clarify whether it shares features with
the Anderson metal-insulator transition [48] for disor-
dered non-interacting systems or, for interacting disor-
dered metals, close to the many-body localization transi-
tion [52]. In both cases it is well known that the system
becomes scale invariant and well described by critical
statistics. The latter is an intermediate level statistics
[48, 49] characterized by level repulsion, P (s) ∝ s2 for
s→ 0, as in a disordered metal, but with an exponential,
not Gaussian, decay of P (s) ∝ exp(−γs) as in Poisson
statistics (γ = 1) typical of an insulator but with γ > 1
[61]. Long-range spectral correlations that describe the
time evolution of the system for times shorter than the
Heisenberg time have also distinctive features at the tran-
sition. The number variance Σ2 [57] is a popular choice
to characterize them. It is defined as the variance of
the number of levels N() in a spectral interval . In
units of the mean level spacing of the unfolded spectrum
〈N()〉 =  ≡ L with L the average number of levels in
the spectral interval and
Σ2(L) =
〈
N2(L)
〉− L2. (6)
For quantum chaotic or random matrix ensembles the
growth of the number variance is logarithmic, indicating
spectral rigidity, for L  1. However, for an insulator,
it is given by Poisson statistics Σ2(L) = L. Around the
transition is also asymptotically linear [49] but with a
slope χ < 1 that depends on the spatial dimensionality
[62, 63] of the system (χ ≈ 0.27 for the three dimensional
case).
For the sake of completeness, we also compute the spec-
tral form factor,
g(t) =
〈Z∗(t)Z(0)〉
〈Z2(0)〉 (7)
with Z =
∑
i e
iEit−βEit with Ei the unfolded eigenvalues
and β = 0.001. This is an observable which has been
employed in recent studies [38] of the SYK model in the
holography literature to detect random matrix like fea-
tures such as a ramp, a signature of spectral rigidity, for
t’s of the order of the Heisenberg time. We do not expect
it to posses distinctive features at the transition because
the prediction for a similar observable, the power spec-
trum [64], is close to that of an insulator where no ramp
is observed because spectral rigidity is absent. Indeed
in a disordered insulator g(t) becomes flat after a decay
for short times. In Fig. 2 we depict results for the level
spacing distribution (top), the number variance (middle)
and the spectral form factor (bottom) around the criti-
cal point D = Dc ≈ 5.6 for different N ’s. Level statistics
share all the features expected of a metal-insulator tran-
sition induced by disorder: level repulsion for s  1,
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FIG. 2. Upper: P (s) for d = 2 and different D ∼ Dc ≈
5.6. P (s) does not depend on N which is a feature of level
correlations at the metal-insulator transition [48]. We observe
level repulsion, typical of quantum chaos, for s 1 while the
decay is exponential for s 1 as for Poisson statistics though
with a different slope. Middle: Number variance Σ2(L) Eq.(6)
for N = 30. It is asymptotically linear with a slope χ ∼ 0.8.
Lower: Spectral form factor g(t) Eq.(7) for N = 30, β =
0.001 and D ∼ Dc. No ramp or dip is observed for D = 5.1
which is typical of an insulator while that for D = 5.8 both
a dip and small ramp start to form. This is consistent with
a transition between these two values and with a critical g(t)
similar to that for an insulator. The latter is directly related
to the linear, instead of logarithmic, growth of the number
variance. All these features have been previously found in
systems metal-insulator transitions induced by disorder [48–
50, 52]. In all cases, we have taken only the central 20% part
of spectrum and the unfolding has been carried out by the
splines method that fits locally consecutive subsets of many
(> 10) eigenvalues with low order polynomials.
exponential decay of P (s) ∼ exp(−γs) with γ ≈ 1.3 > 1
and linear number variance with a slope χ ≈ 0.8 < 1.
As was expected, g(t) is not very sensitive to the tran-
sition. It is rather close to that of an insulator with the
only difference of the asymptotic value which is hard to
determine numerically. However, it is interesting to note
that g(t) detects the transition as it has a small dip and
ramp for D = 5.8, typical of a metal, while for D = 5.1
both features are no longer observed, as expected in an
insulator.
OUTLOOK AND CONCLUSIONS
Although further investigations are required, our re-
sults provide compelling evidence that this generalized
SYK model undergoes a metal-insulator transition in the
same universality class as the Anderson and many-body
localization transition. As a result, it could be relevant as
a toy model in studies of the latter and also in the explo-
ration of gravity duals that reproduce the phenomenol-
ogy of many-body localization. For instance, it would be
interesting to study eigenfunction statistics to confirm
whether multifractality of eigenstates [50, 65, 66] and a
slow approach to thermalization, typical of systems at
the metal-insulator transition, also occur in this general-
ized SYK model. It would also be worthwhile to explore
whether some functional forms of the interaction decay
may be amenable to analytical treatment. A necessary
condition is likely that off-diagonal replicas [67] are neg-
ligible. If this is the case, it could still possible to obtain
analytical results in the large N limit by solving the asso-
ciated Schwinger–Dyson mean field equations. Prelimi-
nary numerical results for power-law and exponential de-
caying interactions do not show a metal-insulator transi-
tion. Therefore it seems that for the transition to occur it
is necessary that the interaction vanishes rather abruptly
for sufficiently separated Majorana fermions. However it
is unclear whether this requirement is an artifact of the
small lattice sizes that we can access numerically.
Another problem that deserves further attention is the
study of thermodynamic properties and the Lypunov ex-
ponent close to the transition to determine whether are
consistent with the existence of a gravity dual. That
would be the first step towards the modeling of many-
body localization by holographic techniques.
In conclusion, we have found, that the SYK model un-
dergoes a metal-insulator transition in Fock space by re-
ducing the range of the interaction. Level statistics in the
(insulating) metallic side are well described by (Poisson)
Wigner–Dyson statistics. Around the transition, spec-
tral correlations become N independent and completely
agree with those found in other metal-insulator transition
induced by disorder.
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